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Our aim in this paper is to obtain new necessary and sufticient conditions under 
which every solution of the functional differential equation with several deviating 
arguments of the delay 
” 
JYt)+PY(t)+ 2 PtY(t--r,)=o (1) 
,= I 
will be oscillating. Here p, > 0, r, > 0, and p are all constants, i = I. 2, __., n. Our 
results are more explicit and more precise than those of Refs. [S, 6, 8, 91 related to 
Eq. (2). 0 1990 Academic Press, Inc. 
I. INTRODUCTION 
Retarded functional differential equations appear in biology, control 
theory, ecology, economics, number theory, physics, etc. (see Cl]). The 
oscillatory behaviour of Eq. (1) with p = 0 has been discussed by many 
authors. See, for example, Ladas [2], Tramov [3], Ladas ef al. 14, 5 J, 
Arino et al. [6], Hunt and Yorke [S], and B. G. Zhang [9]. Their main 
results related to the oscillation of the equation 
I’(t)+ i p,y(t-7ri)=0 
i=, 
(2) 
are the following propositions. 
PROPOSITION 1 (Refs. [3, 4, 6, 81). Each of the folIowing is a necessary 
and sufficient condition for all solutions of Eq. (2) to be oscillator: 
(A) F(1) = A + xy= 1 pie--’ = 0 has no real root; 
(B) a+Cr=r pie-“‘>0 for all AER; 
360 
0022-247X/90 $3.00 
Copyright 0 1990 by Acadamc Press, Inc. 
All rrghts of reproductmn in any form reserved. 
FUNCTIONAL DIFFERENTIAL EQUATIONS 361 
(C) i, + x1= 1 pie-‘8”0>0, where 1, is the unique solution of the 
equation 
Ladas [2] has proved that the condition 
is a necessary and sufftcient condition for oscillation of (2) when n = 1 
Remark 1. Conditions (A), (B), (C) of Proposition 1 are theoretically 
sound but their usefulness is limited in application. 
PROPOSITION 2 (Refs. [S, 6, 8, 93). Each of the following is a sufficient 
condition jtir all the solutions of (2) to be oscillating: 
(i) pizi> l/e for some i; 
(ii) (x1=, p,)r > l/e, where r = min(r,, i = 1,2, . . . . n); 
(iii) (l/d- ‘)(C:=, (piti)“q)y > l/e, where q > 0, q E R; 
(iv) I:= i pirj > l/e; 
(v) CC?= 1 ~J(lX= I PP > Ye; 
(vi) There exist constants Ni> 0 (i = 1, 2, . . . . n), Cy= 1 Ni = 1, such 
that 
* Ni 
I-( i-1 ‘i l-ln-$- >O. I I ) 
Remark 2.. The above conditions (i), (ii), (iii) follow from (iv), and 
(iv), (v) follow from (vi) (see Refs. [6, 8,9]). So, the condition (vi) is 
important. 
B. G. Zhang [9] asked two questions about Eq. (2): 
(a) Does there exist a necessary and sufficient condition for oscilla- 
tion of Eq. (2)? This condition should be expressed with pi, ti as condition 
pIz, > l/e for n = 1. 
(b) Does there exist a better sufficient condition for oscillation of 
Eq. (2)? For example, the condition should include both condition (iv) and 
condition (v) of Proposition 2. 
In this paper, we give satisfactory answers to the above questions. 
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II. MAIN RESULTS 
Let 
n 
f(x,, x2, . . . . x,) = n 
ep,$, -+( 
( > 
- 
i=l Xi 
be a function of several variable, here 
Q=(x,,x2 ,..., x,)EDcR”, 
D= 
i 
(x,,x~,...,x,) i xi= l,Xi>O, i= 1,2, . . . . n . 
i=l 
DEFINITION 1. The point Q = (x1, x2, . . . . x,) E D is called the peculiar- 
point of f on D if f(Q) = 1 and there exist at least two integers i, j, 
1 6 i, j<n, i #j, such that Ai#Aj, where 
1 ii= --In*, i = 1,2, . . . . n. 
Ti PiTI 
We have the following 
THEOREM 1. All the solutions of Eq. (1) (or Eq. (2)) oscillate ij” and 
only if 
f (Q,, =f(x:, xi, . ..> x:, > 
for Eq. (1) 
for Eq. (21, 
here Q, is a point of D such that Q, is a unique maximum off on D. 
THEOREM 2. All the solutions of Eq. (1) (or Eq. (2)) oscillate if and only 
if there exist constants Ni > 0 (i = 1, . . . . n) and C:=, Ni = 1 (i.e., there exists 
a point Q = (N,, . . . . N,) E D) such that 
here Q is a peculiar-point off (Q)eP (or f(Q)) on D and for some k, 
l<k<n, ep,z,<l whenf(Q)=eeP (orf(Q)=l). 
THEOREM 3. Every solution of Eq. (1) (or Eq. (2)) oscillates if and only 
if 
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where the constant c (0 -CC < 1) is the unique solution of 
and ui=zi/zI, i = 2, 3, . . . . n, and 
E1(c)=c/r*+ i pi AT- 
( > 
u, 
i=2 PIT1 
E,(C)=C/Tl+ i PiUi k . 
( 1 
u, 
1=2 
THEOREM 4. Every solution of Eq. (1) (or Eq. (2)) is oscillatory if and 
only if there exist positive constants si> 0 (i= 1, 2, . . . . n) which satisfy 
Cyk, si’s, = 1 and 
where Q is a peculiar-point off (Q)ep (or f (Q)) on D when f (Q) = eep (or 
f(Q)= 1). 
If n = 1, then D = { 1) has only one point Q = 1 which is a maximum of 
J: Immediately, from Theorem 1 we get 
COROLLARY 1. (Ref. [lo]). For n = 1, all solutions of Eq. (1) oscillate if 
and only tf 
(eplz,)“” > epp, i.e., pITl>e~P’L-l 
for any PER. Zf p = 0, we get the condition p,z, > 1 of Ladas [2]. 
Obviously, the condition (vi) of Proposition 2 is generalized by 
Theorem 2. In fact, we have 
COROLLARY 2. Let n 3 2. Suppose that there exist Ni > 0, Cr=, Nj = 1; if 
g(Q) = g(N,, . . NJ = ic, : (1 - In 5,) I I I 
then we can conclude that g(Q) ~0 or that Q is a peculiar-point of 
f(Q) = exp( g(Q)) on D when g(Q) = 0. As a consequence, every solution of 
Eq. (2) is oscillatory. 
Proof In fact, f(Q)=exp(g(Q))> 1, which satisfies the condition of 
Theorem 2. 
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COROLLARY 3. Zf 
then all solutions of Eq. (2) oscillate. 
Proof If Cr= i piri= l/e, we can put Ni= ep,r, (i= 1, . . . . n). Let 
Q = (N,, . . . . N,); then f(Q) = 1. It is easy to prove that Q is a peculiar- 
point off on D. 
If CT=, piziG l/e, cy!+,’ pisi> l/e, 0 <WI < n, we can put Ni= epiti, 
i= 1,2, . . . . m- 1, Nj=djepjzj, j=m, . . . . n, where dj > 0, Cy=y’ Ni + 
CJzmNj=l; hence at least there is one d,, O<d,,<l, and f(Q)= 
f(N,, . ..> N,) 3 ( l/dn)dneJ’n > 1. That is, the codition of Theorem 2 is satisfied. 
Therefore all solutions of Eq. (2) are oscillatory. 
COROLLARY 4. Let a = C?=, T;. Suppose a(p, p2 ...pn)“” > l/e or 
a(p, p2 ...P,) ‘I” = l/e with (api)‘lT1 # (ap,) ~1 1 < i, j < n; then every solution ,
of (2) oscillates for at least one pair of i, j, i # j. 
Proof: Let xi = ri/a; then Q = (xi, . . . . x,) E D and f(Q) = l-I;=, (cap,)“” 
= (e”a”p, p2 . . .pn)‘IU 3 1 and if f (Q) = 1 we have li = (l/z,) In(ap,) # Aj = 
(l/z,) ln(ap,) (because (api)l”f # (ap,)“‘l), So, Q is a peculiar-point off on 
D. From Theorem 2 we complete the proof. 
COROLLARY 5. Let b = x7= I pi, r, =p;/‘t;, i = 1, 2, . . . . n, and r = X7= 1 r;. 
1s 
then every solution of (2) oscillates. 
ProoJ Let xi =p,/b, i = 1, . . . . n; then Q = (x,, . . . . x,) ED and f(Q) = 
ny= 1 (beTi)‘llh = (b’e’ny= 1 ~2) ‘lb>l. If n>3 and f(Q)=1 then Q is a 
peculiar-point off on D. In fact, function y = (bx)“” (b > 0, x > 0) has 3 > 0 
when 0 < x < e/b; 9 < 0 when x > e/b. It is impossible that A, = A, = II,, for 
Ai= (l/z;) h(bz,). 
If n =2, A, =/2, (zl ZT,), from the nature of the function y= (bx)“” it 
follows that (brI)“” = (bT,)“‘* >l so f(Q)>l. Hence if f(Q)=1 then 
A, # &; i.e., Q is a peculiar-point off on D. 
Remark 3. Our sufficient conditions (Corollaries 2, 3, 4) under which 
every solution of Eq. (2) is oscillating are more explicit and more precise 
than conditions of Proposition 2. 
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III. PROOF OF THEOREMS l-4 
First, we prove the following lemmas. 
LEMMA 1. For any constants p>O, T>O, h>O, if F(I)=h,l+pe-m’“, 
g(A) = exp(F(A)), then 
mi; g(l) = (epzlh)““. 
.E 
Proof Let A1 be the unique root of 
h-pp”‘=O, 
i.e., I, = - (l/z) ln(h/pr); because function F(I) is a convex function we get 
that 
mEi; g(A)=g(A,)= (eps/h)h”. 
LEMMA 2. Let f=f(Q) =f(x,, . . . . x,) and DC R” as in Section II. Then 
a point Q, of D exists such that 
Proof. Let 
,Q)=lnf(Q)=i~,~ln~ 
I I 
and I),= ((x,, . . . . x,)1 X;E (0, l), i= 1, . . . . n>; hence D c Do. To prove 
Lemma 2 it suffices to prove that there exists a Q, E D,, such that Q, is an 
extremum for H(Q) on D. In other words, Q, is an extemum for H(Q) sub- 
ject to the constraint h(Q) = - 1 + C;= I Xi=O. Then here exists a number 
X such that [7] 
Hence 
grad H(Q) = 2 grad h(Q). 
( -Iln xl - ,..., --llnX” Tl PlTl 7, P”7,, > =(X,X ,,.., X), 
i.e., extremum Q0 satisfies 
--LlnL= . . . = -llnX”=~. 
Tl PlTl 7, P”T, 
366 HUANG WENGANG 
This implies that if Q, = (xy, xt, . . . . xz) then xf =pirie-“‘, i= 1, 2, . . . . n. 
From Lemma 1 we get that 
f(Q,)=exp ( f (xyl+pieC”‘z)) 
i=l 
i (x,X+p,eC”“) 
i= 1 
for any Q E D. Hence f( QO) = A4, 
LEMMA 3. Let 
F(1) = A. + i pie-““, g(i) = ew(F(A)); 
i=l 
then 
mg = min g(A) = M,. 
lER 
Proof: From the proof of Lemma 2 we note that when f(Qo) = A4,, 
QO(xy, . . . . xz), then 
;$, x7 = 1 = i piri exp( -Ari) 
,=I 
and this implies ;i is a unique root of p(A) = 0 and 
mg = mEi; g(A) = exp(mEi; F(A)) = g(X) 
i (AxXp+pie-‘*~ 
i=l 
)) =f(Qd = My. 
LEMMA 4. Every solution of ( 1) is oscillating if and only if every solution 
of (following equation is oscillating): 
i(t) + i pieP”z( t - z,) = 0. 
i=l 
(3) 
ProoJ: Putting y(t) = z(t)e-P’ and substituting it into (1) we obtain (3) 
and the proof is complete. 
Proof of Theorem 1. Let all solutions of (2) oscillate; then from 
Proposition 1 have F(A) = min, E R F(A) > 0. Then from Lemma 3 we get 
Mf= mg = exp(F(‘(X)) >1. On the other hand, suppose Mf> 1, so m, > 1, 
i.e., exp(F(X)) > 1 and F(X) > 0; hence every solution of (2) is oscillating. 
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For Eq. (1 ), we consider Eq. (3) and 
f(Q) = fi (epieP7’~i/xi)x”f’ = e”‘(Q). 
i= 1 
So MT> 1 if and only if M,.> eep. The proof is complete. 
Proof of Theorem 2. Suppose all solutions of (2) are oscillating. From 
Theorem 1, we know M,> 1; i.e., there exists a Q, = (xy, . . . . xz) E D such 
that f( Q,) > 1. Q, E D implies x7 > 0, Cy=, x7 = 1. If there exists some k, 
1 d k < n, and ep,T, < 1, then 
lim f(xi, . . . . x,) = 
Xk-l- 
l-i- fi (epiTi/xi)JJrl 
+,+O+.i#k x,-.O+,i#k i=l 
,)y= , 5, = I z:= ,x, = 1 
= lim (ep,r,/x,)“““... lim (ePktk/xk)*k’ek 
q+1- .q + I 
x-O+,r#k x,+O+,i#k 
x.:= ,x, = 1 Iz:=,x,= 1 
. . lim (ep, rn/xn)+“” 
I-+1- 
x,+O+,i#k 
xy=,x,= 1 
= (epkTk)lirk < 1 
Putting M= (0, . . . . 0, 1, 0, . . . . 0), let QED, and order Q + M, Q close 
k 
enough to M, we will find some Q ED such that f(Q) < 1. From the 
continuity off(Q) it follows that there exists a Q, E D such that f( Q, ) = 1. 
The “only if” part is proved. 
We proceed to prove the “if” part below. Iff(Q) =f(N,, . . . . N,) > 1 then 
from Lemma 3 it follows that M,>f(Q) > 1. If j(Q) =f(N,, . . . . NJ = 1 
and Q is a peculiar-point of f on D, we suppose that Q, E D such that 
f(QO) = MI-, then Qo# Q, hence M,=f(Q,)>f(Q) = 1. So, for both 
f(Q) > 1 and f(Q) = 1 we find that every solution of Eq. (2) is oscillating 
by Theorem 1. 
Similar to the proof for Eq. (1) in Theorem 1, we can complete the proof. 
Proof of Theorem 3. To prove the conclusion of Theorem 3 it suffices to 
prove that E(c) =f(Q,), where Q0 is the unique maximum off on D by 
Theorem 1. 
From the proof of Lemma 2 we found that Q0 = (x7, . . . . XII) satisfies 
0 
&“l= 
0 
_llnX’= . . . = -lln x: -2 
’ 71 PlTl z2 P2T2 =n PnTn 
409/,4812-7 
368 
hence 
HUANGWENGANG 
(pjTi/Xp)l’r’= (PITI/Xy)l’T’, i = 2, 3, . . . . n, 
i.e.. 
-‘P =pjTi(X~)“‘/(pl Tj)“‘, i = 2, 3, . . . . n. 
Define 
R(x)= i piTix”‘/(p,T,)“J+x- 1. 
i=2 
From C;=, xu= 1 it follows that R(xy) =O. Because of R(O)<O, R(l)>O, 
k(x) > 1, for x> 0, we conclude that R(x) =0 has a unique positive 
solution c and 0 < c < 1. So, 
xT=c and xp=piTjC”‘/(plTI)ur, i = 2, 3, . . . . n 
f(Q,,) =f(x:, . . . . x;) = fi (ep,~,/x~)~~"~ 
i= 1 
=(ep,z,/c)‘ITL. fi ( e. PIT1/C)UI)PI(L.I(Plrl))“I= qc). ( 
i=2 
The proof is complete. 
Proof of Theorem 4. The proof follows directly from Theorem 2 if we 
put iVj = siri, i = 1, 2, ,.., n. 
IV. SOME EXAMPLES 
EXAMPLE 1. For 
3(t) 
1 2 
+ 3e(l+ln2) 
y(t-l-ln2)+ 
3e(l -In 2) 
y(t- 1 +ln2)=0 
we have 
that is, the condition of Corollary 3 is satisfied. Therefore all solutions of 
the equation are oscillatory. 
In fact, X = - 1 is the unique solution of 
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and 
F(-1)=-l+ 
1 2 
3e(l +ln2) 
el+l”2 
+3e(l-ln2) 
el-ln2 
(In 2)(ln 8/e) , o 
=3(1+ln2)(1-In2) ’ 
EXAMPLE 2. For the differential equation 
(4) 
we have 
(7, + ~Z)(PI .P*P2 = l/e 
while (4) has the nonoscillatory solution y(t) = e-4”3. Because 
((Et=, ~Jpr)~‘~* = e-4/3 = ((Cf=, ti)p2)llr2= e-4’3, the condition of 
Corollary 4 is not satisfied. 
EXAMPLE 3. Consider now the differential equation 
We have 
CT1 + ~2)bl .p2P2 = l/e 
and ((rr + ~~)pr)r’~l= $e-4’3 # ((r, + r2)p2)1’72 = 4ee413. Thus (5) satisfies 
the condition of Corollary 4. Therefore every solution of Eq. (5) is 
oscillatory. 
Actually, if we let F(I) = ,I + Cf= r pie-‘-“, then minlcR F(L) = F( - $) = 0 
for Eq. (4) and min,, R F(l)=F(-:)=f>O for Eq. (5). 
EXAMPLE 4. The differential equation 
,i(t)+:y(t-1)+&Q-2)+&y@-3)=0 (6) 
has plZl+P2Z2+p3Z3=~+~+~=~<l/e and (zl+z,+r,)(p,p,p,)1’3 
= 32’3/8 < l/e, and hence does not satisfy the condition of Corollary 3 or 4. 
However, every solution of Eq. (6) is oscillatory because x1 = $ is the 
unique solution of 
P3T3 (Plr,)3X3+(pP:::),x2+x-l=0 
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and .~~=x~p,z~/(p,2,)~=~, ~=x:p~z~/(p~2,)~=$, andf(x,,x,,x,)= 
f(+, +, $) = (e/2)“‘. (e/4)“‘. (e/S) “I2 = e’7/24/2 > 1, which give the result of 
oscillation according to Theorem 3. 
EXAMPLE 5. For the differential equations 
j(+o)fy f-i +&(r-lOO)=O 
( ) 
and 
j(t)+e-“‘Oy 1-f +&ep5U,(t-- lOO)=O 
( > 
(7) 
(8) 
from Lenima 4, it is obvious that the oscillatory and nonoscillatory proper- 
ties are the same. 
We cannot use Corollaries 3 and 4 because Eq. (8) (and in the case of 
p=O of Eq.(7) with - 4 y(t) omitted) does not satisfy the condition of 
these corollaries. 
We let s, = 1 and s2 = S/1000, which satisfy S, T, + s2z2 = 1 and have (for 
Eq. (7)) 
f”(X,> x2) =fb, T,, ~27~) = (epJs, 1”’ (eP2/s2Y2 
= e. (e/2000)8”ooo > e”2. 
From Theorem 4, we conclude that every solution of Eq. (7) oscillates. 
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